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A Theoretical Analysis of Three-Dimensional Eye
Position Measurement Using Polar Cross-Correlation

Thomas Haslwanter and Steven T. Moore

Abstract— Polar cross-correlation is a commonly used tech-
nique for determination of torsional eye position from video
images. At eccentric eye positions, the projection of the sampling
window onto the image plane of the camera is translated and
deformed due to the spherical shape of the eyeball. In this paper,
we extend the polar cross-correlation technique by developing the
formulas required to determine the correct location and shape
of the sampling window at all eye positions. These formulas
also allow the representation of three-dimensional eye position in
Fick-angles, which are commonly used in oculomotor research.
A numerical simulation shows the size of the errors in ocular
torsion if the spherical geometry of the eye is not considered.
Other effects which can affect the accuracy of video-based eye
position measurements are also discussed.

I. INTRODUCTION

OR A FULL understanding of the oculomotor system, as

well as the afferent inputs which contribute to its control,
it is necessary to measure horizontal, vertical, and torsional eye
position. While dual search coils have proven to be a powerful
tool for this purpose [1], [2], the expense and the invasive use
of a contact lens has promoted the development of systems
which determine three-dimensional (3-D) eye position from
video images.

Many of the existing image processing systems for eye
position measurement use some variation of the polar cross-
correlation method [3]-[8]. Polar cross-correlation accurately
measures ocular torsion in the absence of horizontal and
vertical deviations of the eye, but becomes inaccurate as the
eye moves to eccentric positions if the spherical geometry
of the eye is not considered. An alternative technique, which
takes the geometry of the eye into account and requires
two distinct markers on the eye to calculate 3-D eye posi-
tion, has been proposed by Nakayama [9]. This method has
been realized using a contact lens to provide the markers
[10] but is invasive in a manner similar to scleral search
coils.

In this paper, we extend the polar cross-correlation method
by developing algorithms to compensate for the geometric
distortion in the projection of the eye onto the image plane of
the camera. These geometric compensation algorithms enable
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accurate video-based 3-D eye position measurement over the
natural range of eye movements. We also present a simulation
of the errors in the measurement of ocular torsion which are
induced if the geometric distortion of the image of the eye is
not taken into consideration. Extensions of these simulations
are used to estimate the magnitude of other effects (such as the
optical effects of the cornea) on the accuracy of eye position
measurements.

II. METHODS

A. The Polar Cross-Correlation Method

The polar cross-correlation method relies on the fact that
most of the variation in pixel intensity of a digitized image of
the iris occurs in the angular direction in a polar coordinate
system centered on the pupil [3]. Measurement of ocular
torsion can therefore be reduced to a one-dimensional signal
processing task. An iral signature is formed by sampling pixel
intensity along a circular sampling window on the iris at a fixed
radius from the pupil center. In practice, the sampling window
is often limited to a segment of this circle, as upper eyelid
droop and tear build-up in the lower eye render these areas
unsuitable for obtaining an iral signature. In this paper, we
will employ this modified version of the polar cross-correlation
method utilizing an arc-shaped sampling window.

The horizontal and vertical positions of the eye are cal-
culated from the location of the center of the pupil in the
image plane, which can be found by a number of methods,
such as averaging the coordinates of the edge points of the
pupil [3]. The sampling window for the determination of ocular
torsion is one pixel wide and is maintained at approximately
the same angular position on the iris by tracking horizontal and
vertical eye movements and translating the sampling window
by the same amount as the pupil center. Iral signatures from
each video frame are cross-correlated with an iral reference
signature obtained at the start of each recording. The shift
in the peak of the cross-correlation function indicates the
torsional position of the eye for each video frame relative to the
reference image. This has been demonstrated by simultaneous
measurement of ocular torsion with a video system based
on polar cross-correlation and scleral search coils, which are
the accepted standard for measuring 3-D eye movements
[8]. So far, video-based systems have made the assumption
that the geometric distortion of the shape of the sampling
window at eccentric eye positions is negligible over the
range of horizontal and vertical eye positions to be measured.
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Fig. 1. (a) Top view and (b) side view of the projection of the eye onto the
image plane. {h1, ho,hg} are the basis of a head-fixed coordinate system.
(x,y) are the coordinates of the projection of a point on the surface of the
eye (in this figure the center of the pupil) onto the image plane.

The results presented below show that this assumption is
invalid.

B. Projection onto the Image Plane

The exact shape and form of the projection of the eye onto
the image plane of the camera are influenced by many factors.
To determine analytical formulas for the correct 3-D position
of the eye from video images, we will initially make the
following simplifying assumptions:

1) The eye is assumed to be a perfect sphere and rotates

around the center of this sphere.

2) The eye exhibits ideal ball and socket behavior so that
all eye movements are pure rotations around the center
of the eye, with no translation of this center.

3) The camera is directly in front of the eye and the image
of the eye corresponds to an orthographic projection of
the eye onto the image plane, without any distortion by
the optical properties of the cornea.

4) The optical axis of the eye (given approximately by the
axis through the center of the pupil and the center of
rotation of the eye) coincides with the visual axis, ie.,
the line of sight.

To derive the mathematical formulas for the projection of
the eye onto the image plane, we define a head-fixed, right-
handed coordinate system {h1, ha, h3} for an upright subject,
such that h, is perpendicular to the image plane and passes
through the center of the pupil, h, is parallel to the interaural
axis, and h3 is parallel to the earth vertical axis. The center of
this head-fixed coordinate system coincides with the center
of the eye, and {hi,ho,hs} point forward, left, and up,
respectively, as indicated in Fig. 1. The camera is oriented
in such a way that the image plane is parallel to the hy — h3
plane of the head-fixed coordinate system, and the Cartesian
coordinate axes in the image plane, z and y, are parallel to
he and hg, respectively.

The projection of the center of the eye onto the image plane
forms the origin of the image coordinate system. To uniquely
characterize the 3-D position of the eye, we introduce an eye-
fixed coordinate system {ey, €2, €3}, which rotates with the eye
and is oriented such that e; passes through the center of the
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pupil. When the eye is in the reference position, i.e., looking
straight ahead, {e1, e2,e3} are chosen such that they coincide
with {hy, ha, h3}. A head-fixed reference point p.t is given
by the intersection of the surface of the eye with A
Pref = Teye * (1, 07 O) (1)
where Ty is the radius of the eyeball. Every point p on the
surface of the eye can then be described by a rotation matrix
R which characterizes the rotation from the reference point
Pref to the current point p
p =R Pret = Teye * (R11, Ra1, R31) 2
where R;; is the matrix element in the ith row and jth column
of the rotation matrix R.

Let R be composed of a horizontal rotation about ez by
8, followed by a vertical rotation about the rotated axis eq
by ¢. Such descriptions of rotations, in which consecutive
rotations are executed about eye-fixed axes, are often called
passive rotations or rotations of the coordinate system. The

rotation matrix R(es, ), which describes the rotation of an
object about the axis e3 by 8, is given by

cos () —sin(f) 0
R(es,0) = |sin(#) cos(6) O 3)
0 0 1

and the rotation about the axis e by ¢ is described by

cos (¢) 0 sin(¢)
R(ez, ¢) = 0 1 0 Cy)
—sin(¢) 0 cos ()

Equations (1) and (2) show how these rotation matrices can
be used to characterize rotations of a point on the surface
of the eye, such as the center of the pupil. Interpreting the
columns of the unit matrix I as three unit vectors aligned with
{h1,hg, h3} rtespectively, the columns of a rotation matrix
R can be interpreted as the components of these vectors in
the head-fixed coordinate system after they have undergone
a rotation described by R. For example, a rotation about the
vertical axis, characterized by R(es, ), rotates the h-aligned
vector (0, 1, 0) into the vector (— sin (), cos (6),0). Detailed
explanations of the vector- and matrix-formalism can be found
in most linear algebra texts, and a more extensive description
of the application of rotation matrices to eye movements is
given in [11].

The combined matrix R(f, ¢), which describes the rotation
from the reference point p;¢ to the current point p, is given by

R(4,4) = R(es,0) Rle,4)
— sin ()

cos (6) cos (¢) cos () sin (¢)
= | sin () cos (¢) cos (§)  sin (6) sin (¢) | (5)
— sin {¢) 0 cos (¢)

The prime in e}, indicates that the rotation is about the rotated
eye-fixed axis es. Since rotations are noncommutative, the
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sequence of the rotation matrices R(e3,8) and R(ez,¢) is
important and can not simply be reversed. The projection of the
point p onto the image plane, (z, y), is graphically represented
in Fig. 1. It is given by the second and third vector component

in (2).
T _ R21
(y) —Teye* <R31). (6)
Substitution of (5) and (6) gives
T\ _ sin (#) cos (¢)
() ("0) o

C. Determination of Three-Dimensional Eye Position

Since the matrix R(6, ¢) can be used to describe any point
on the surface of the eye, it can also be used to characterize the
center of the pupil, and thus the line of sight. This matrix does
not specify the 3-D position of the eye completely however,
as the rotation about the line of sight is still undefined.
To uniquely characterize the rotation of the eyeball from
the reference position to the current position, we can use a
sequence of a horizontal rotation about ez by 6, followed by a
vertical rotation about the rotated axis es by ¢, and a torsional
rotation about the twice rotated line of sight e; by . This
sequence of rotations is often used in oculomotor research,
and is called the Fick sequence [12]. It corresponds to the
rotation matrix

Rrick = R(es, ) - R{e, ¢) - R(ef, ) ®)

with e indicating the twice rotated axis e;, and R(e;,1))
defined as

1 0 0
R(e1,9) = |0 cos (¥) - sin (¢) ©)
0 sin(¢) cos ()

In the following, we will refer to ) as Fick torsion, since this
value depends not only on the position of the eye, but also on
this particular sequence of rotations.

The polar cross-correlation method uses the pupil center
coordinates in the image plane (z,,y,) to obtain estimates of
the horizontal and vertical eye position (6, $,) by inverting
(7). The shift in the peak of the cross-correlation of an iral
signature with the iral reference signature gives the torsional
component % of the eye position. However, this approach
is only valid in the absence of horizontal or vertical eye
movements. When the eye is in an eccentric position, the
projection of the sampling window onto the image plane will
deviate from the original shape. Simply translating the original
sampling window in the image plane by the same amount as
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the pupil center does not take this geometric distortion into
account, and an iral signature would be obtained from the
wrong area of the iris. When this incorrect iral signature is
cross-correlated with the iral reference signature, an erroneous
value for ocular torsion is indicated. In the following, we
call these purely translated arcs geometrically uncompensated
sampling windows. The next section will discuss how the
correct (geometrically compensated) position of the sampling
window can be determined for any horizontal and vertical eye
position.

III. RESuULTS

A. Compensation for Geometric Distortion

When the eye is in the reference position, as in Fig. 2(a), the
center of the pupil coincides with the reference point p,er. An
arc-shaped sampling window is formed in the image plane, and
for each point (4, y,) on this arc the corresponding projection
onto the surface of the eye (f,,¢,) can be determined by
inverting (7). The position of every point on a sampling
window is then uniquely determined by R,.. = R(4,, $a)s
given by (5). When the eye has moved to an eccentric position,
the coordinates of the center of the pupil in the image plane
(Tp,yp) can be determined by averaging the coordinates of
the pupil edge points. Inverting (7) we can calculate the Fick
angles of the pupil center (6, ¢,,), which uniquely determine
Rpupit = R(6,,¢,). Note that R,,pi not only brings the
center of the pupil from the reference position to the current
position, but also places the eye in a position with zero Fick
torsion. Combining the two rotations—the first of which brings
the eyeball from the reference position to the current position
with zero Fick torsion, and the second of which describes the
rotation from the center of the pupil to a point on the sampling
window—we can, for each point of the sampling window,
determine the matrix R., which describes the combined
rotation from the reference point to the current position of the
sampling point on the eyeball

Riotal = Rpupil ‘Rare. (10)

From Ricta1 and (6) we can determine the location of the
points of the geometrically compensated sampling window in
the image plane (z.,y.) for the current eye position (6,, ¢,)
as shown in (11) at the bottom of the following page.

Cross-correlation of the iral signature obtained from the
compensated sampling window with the iral reference signa-
ture gives the Fick torsion of the eye. Fig. 2 illustrates the
effect of the geometric compensation. Fig. 2(a) shows a sketch
of the eye in the reference position. The four arcs indicate the
location of four different sampling windows with a span of
60°, centered on the z- and y-axes. Fig. 2(b) shows the same

e} (Rtotal)21
(yc ) = Teye ((Rtotal)Sl )

an

s (sin (8p) cos (#y) cos (8,) cos (@a) + cos (8,) sin (8,) cos (¢5) — sin (6p) sin (¢,) sin (q&a))
e —sin (¢p) cos (6a) cos (¢o) — cos (¢y) sin (@) ’






